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Abstract 

We associate quantum vertex algebras and their ^-coordinated quasi mod- 
ules to certain deformed Heisenberg algebras. 

1 Introduction 



It is now well known (see |FZ] ; cf. |LL] ) that certain infinite-dimensional Lie alge- 
bras such as affine (Kac-Moody) Lie algebras, the Virasoro algebra, and Heisenberg 
algebras of a certain type can be canonically associated with vertex algebras and 
their modules. This association can be briefly outlined as follows: First, the canon- 
■ ical generating functions of their generators are mutually local in the sense that for 

any two generating functions a(x) and b(x), there exists a nonnegative integer k 
such that 



(xi - x 2 ) a(x 1 )b(x 2 ) = {x\ - x 2 ) b(x 2 )a(xi). (1.1) 

Second, a conceptual result of |Lil] states that for any vector space W, any local 
subset of Hom(W, W((x))), alternatively denoted by £(W), generates a vertex al- 
gebra canonically with W as a faithful module. Moreover, the generated vertex 
algebras have a canonical module structure identified as a so-called vacuum module 
for the corresponding Lie algebra. 

In this paper, we study two deformed Heisenberg Lie algebras, which have ap- 
peared in the study of quantum algebras, and our goal is to associate vertex algebras 
or their likes to these Lie algebras. The first we are concerned about is the Heisen- 
berg algebra (see |FR] ) with generators a n for n 6 Z, subject to relations 



[a m , a n ] = [m] q 8 m+rii0 (1.2) 

for m,n G Z, where the complex parameter q is neither zero nor a root of unity and 
where [m] q = 9 q Zq-i i while the second is the Heisenberg algebra (cf. |BP] ) with 
generators b n for jiGZ, subject to relations 

[b m ,b n ] =m(l- g H)5 m+n , . (1.3) 
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Heisenberg Lie algebras are the simplest nonabelian Lie algebras, however, as we 
shall see, associating vertex algebras or their likes to them is by no means straight- 
forward. The main purpose of this paper is to provide a simple but illuminating 
example. 

For the first one, forming a generating function a(x) = 2~^„ e z a nX~ n , we have 

M^>i = ^Kff)-Klr))' (L4) 

while for the second one, using generating function b(x) = J2n& b n x~ n we have 

6(xi), b{x 2 )\ = x 2 — )8 — j + T r -^ i - T 1-5 

V ox 2 J \xij (l-qx 1 /x 2 ) 1 (l-qx 2 /x 1 ) 2 

Notice that neither generating function a(x) nor b(x) forms a local set. Thus the 
results of |Lil] are not applicable to these two Lie algebras. 

In the past, for various purposes we have significantly generalized the results of 
|Lil] in several directions. One of the generalizations was obtained in |Li4j with a 
purpose to associate vertex algebras to a family of infinite-dimensional Lie algebras 
called quantum tori Lie algebras (see |G-K-L] . |G-K-Kj ). For these Lie algebras, 
their generating functions satisfy a generalized locality relation 

p(xi, x 2 )a(xi)b(x 2 ) = p(xi, x 2 )b(x 2 )a(xi) (1.6) 

for some nonzero homogeneous polynomial p(xi,x 2 ). Motivated by this, we then 
introduced a notion of quasi locality, using commutativity relation ( II. 6p . It was 
proved that for any vector space W, every quasi local subset of £{W) generates a 
vertex algebra in a certain new way, with W as what we called a quasi module. 
In this way, we obtained a new construction of vertex algebras together with a 
theory of quasi modules for vertex algebras, not to mention that vertex algebras 
were associated to quantum tori Lie algebras as an application. 

As with the two aforementioned Heisenberg algebras, we see that the generating 
function a(x) of the first one forms a quasi local set, so that one can use the results 
of |Li4j to associate a vertex algebra to this Lie algebra. However, the structure of 
the associated vertex algebra is not as neat as expected. As for the second one, since 
the generating function b(x) does not give rise to a quasi local set, the construction 
of |Li4] is not applicable. In fact, the notion of vertex algebra is not general enough; 
we need a generalization of the notion of vertex algebra. 

Inspired by Etingof-Kazhdan's notion of quantum vertex operator algebra (see 
|EKj ). in |Li2j we introduced a notion of weak quantum vertex algebra and a notion 
of quantum vertex algebra, greatly generalizing the notion of vertex superalgebra. 
Furthermore, we established a conceptual construction. For a vector space W, a 
subset U of £{W) is said to be S-local if for any u(x), v(x) G U, there exist 

u®(x),v®(x) e U, / ( (i)GC((i)) (i = l,...,r) 
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such that 



(xi - x 2 ) k u(xi)v(x2) = (xi - x 2 ) k fi(x 2 - xi)v w (x 2 )-u W (£i) 

8=1 

for some nonnegative integer k. It was proved that any 5-local subset of £{W) 
generates a weak quantum vertex algebra with W as a faithful module. 

Note that the generating functions of the two aforementioned Heisenberg algebras 
do not give rise to 5-local sets. Thus the results of [Li2j are not applicable either. 
To deal with the two Heisenberg algebras, especially the second one, we shall need 
a different idea. 

In the general field of vertex algebras, a fundamental problem (see |FJ] . |EFK] ) 
has been to develop a theory of quantum vertex algebras so that quantum vertex 
algebras can be canonically associated to quantum affine algebras. For many years, 
solving this very problem has been the main driving force for us to study quantum 
vertex algebras. Finally, we made a significant progress in |Li6j . As the crucial 
step, we developed a theory of what we called ^-coordinated quasi modules for weak 
quantum vertex algebras (actually for more general nonlocal vertex algebras), where 
= 4>(x, z) G C((x))[[z]] is a formal series satisfying 

(f>(x, 0) = X, 0(0(x, Zi), Z 2 ) = (j)(x, Zi + z 2 ). 

All such were completely determined therein, and two particular examples are 
4>(x, z) = x + z and <p(x, z) = xe z . For 0(x, z) = x + z, the notion of 0-coordinated 
quasi module reduces to the notion of quasi module. What is important for us to 
deal with quantum affine algebras is the case with <ft = xe z . In this case, we obtained 
a general construction. Let W be a general vector space. A subset U of £(W) is 
said to be quasi S trig -local if for any a(x), b(x) G U, there exist 

u {l) (x),v {i \x) eU, fi(x)ec(x) (i = l,...,r), 

where C(x) denotes the field of rational functions, such that 

r 

p(xi, x 2 )u(xi)v(x 2 ) = p(xi, x 2 ) fi(x 1 /x 2 )v (l) (x 2 )u {l \x 1 ) 

i=l 

for some nonzero polynomial p(x\,x 2 ). It was proved that any quasi iSt r j 5 -local 
subset of £{W) generates a weak quantum vertex algebra in a certain way with W 
as a ^-coordinated quasi module where <f)(x, z) = xe z . As an application, we have 
successfully associated weak quantum vertex algebras to quantum affine algebras. 

In this current paper, by applying the results of |Li6] we associate vertex algebras 
and ^-coordinated quasi modules to the first Lie algebra, whereas we associate 
quantum vertex algebras to the second. Note that by [Li6j weak quantum vertex 
algebras can be associated to them conceptually. The main task here is to construct 
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the desired weak quantum vertex algebras concretely and show that they are indeed 
quantum vertex algebras. To explicitly determine the associated vertex algebras and 
quantum vertex algebras, we introduce and employ certain Heisenberg algebras. We 
show that the associated quantum vertex algebras are simple. This as an illustrating 
example shows how one can associate quantum vertex algebras to more general 
infinite-dimensional Lie algebras. 

This paper is organized as follows: In Section 2, we recall some necessary notions 
and results. In Section 3, we study the first deformed Heisenberg algebra in the 
context of vertex algebras and their (^-coordinated quasi modules. In Section 4, we 
study the second deformed Heisenberg algebra in terms of quantum vertex algebras 
and their 0-coordinated quasi modules. 

2 Quantum vertex algebras and their (^-coordinated 
quasi modules 

This is a preliminary section. As we need, we recall the basic notions and results, 
including the notions of (weak) quantum vertex algebra and (^-coordinated quasi 
module, and also including the conceptual constructions. 

We begin by recalling from |Li2] the notion of weak quantum vertex algebra, 
which generalizes the notion of vertex algebra and that of vertex superalgebra. 

Definition 2.1. A weak quantum vertex algebra is a vector space V equipped with 
a linear map 

Y(-,x) : V -»• Hom(V, V((x))) C (EndV)[[x, x" 1 ]] 

and a vector 1 G V, called the vacuum vector, satisfying the following conditions: 
For v G V, 

Y(l,x)v — v, Y(v, x)l G V[[x}] and \imY(v,x)l — v; 

For u,v,w G V, there exists a nonnegative integer I such that 

(x + x 2 ) l Y(u, x + x 2 )Y(v, x 2 )w = (x + x 2 ) l Y(Y(u, x )v, x 2 )w; (2.1) 
and for u, v G V, there exist 

ii (,) ,w (!, eV, /i(i)£C((i)) forz = l,...,r 

such that 

r 

( Xl -x 2 ) k Y(u, Xl )Y(v,x 2 ) = (xi -x 2 ) k J2M x 2 -x 1 )F(^ ) ,x 2 )F( M «,x 1 ) (2.2) 

»=i 

for some nonnegative integer k. 
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A rational quantum Yang-Baxter operator on a vector space U is a linear operator 

S(x): U ®U ®U ®£{{x)) 
satisfying the quantum Yang-Baxter equation 

S 12 (x)S 13 (x + z)S 2 \z) = S 23 (z)S 13 (x + z)S 12 (x). 
It is said to be unitary if 

S(x)S 21 (-x) = 1, 

where S 2l (x) = aS(x)a with a denoting the flip operator on U <S> U. 

Definition 2.2. A quantum vertex algebra is a weak quantum vertex algebra V 
equipped with a unitary rational quantum Yang-Baxter operator S(x) on V, satis- 
fying 



S(x)(l®v) = l®v for v G V, (2.3) 
[V®l,S{x)] = ~S(x), (2.4) 

Y(u,x)v = e xV Y(-x)S(-x)(v ®u) foru,veV, (2.5) 
S{x 1 )(Y{x 2 ) ® 1) = (F(x 2 ) <g> l^xOS 13 ^ + x 2 ). (2.6) 

We denote a quantum vertex algebra by a pair (V, «S). 

Note that this very notion is a slight modification of the same named notion in 
[Li2] and |Li3] with extra axioms (12. 31) and (12.61) . 

As we need, we recall the following important notion due to Etingof and Kazhdan 
(see [EK] ): 

Definition 2.3. A weak quantum vertex algebra V is said to be non- degenerate if 
for every positive integer n, the linear map 

Z n : V® n ® C((xi)) • ■ ■ ((£„)) -> V((xi)) ■ • • ((x n )), 

defined by 

Z n ( w (1) <g> • • • ® */ n) <g> /) = xi) • • • Y{v {n \ x n )l 

for f . . . , w (n) G V, / G C((xi)) • • ■ ((£„)), is injective. 

The following result can be found in |Li2] (cf. |EK] ) : 

Proposition 2.4. Let V be a weak quantum vertex algebra. Assume that V is non- 
degenerate. Then there exists a linear map S(x) :V®V— ^ V ®V ® C((x)), which 
is uniquely determined by 

Y(u,x)v = e xV Y '(—x)S(—x)(v <g> u) foru,v G V. 

Furthermore, (V, S) carries the structure of a quantum vertex algebra and the fol- 
lowing relation holds 

[l®V,S{x)] = ^S{x). (2.7) 
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Remark 2.5. Note that a quantum vertex algebra was defined as a pair (V,S). In 
view of Proposition 12. 4[ the term "a non-degenerate quantum vertex algebra" (with- 
out reference to a quantum Yang-Baxter operator) is unambiguous. Furthermore, if 
V is of countable dimension over C and if V as a ^-module is irreducible, then by 
Corollary 3.10 of |Li3] , V is non-degenerate. In view of this, the term "irreducible 
quantum vertex algebra" is also unambiguous. 

We recall from |Ll2~j a conceptual construction of weak quantum vertex algebras 
and their modules. Let W be a general vector space. Set 

£{W) = Rom(W,W((x))) C (EndW)[[z, aT 1 ]]. (2.8) 

The identity operator on W, denoted by lyy, is a typical element of S(W). 

Definition 2.6. A subset U of £{W) is said to be S-local if for any a(x), b(x) G U, 
there exist 

u {i) (x),v {i) (x) eU, fi(x) G C((x)) for i = 1, . . . ,r 

such that 

r 

{x 1 -x 2 ) k a{x 1 )b{x 2 ) = (x 1 -x 2 ) k J2M x 2-x 1 )u^(x 2 )v^(x 1 ) (2.9) 

i=i 

for some nonnegative integer k, where by convention fi(x 2 —X\) is understood as an 
element of C((x 2 ))((xi)). 

Let U be an 5-local subset of £{W) and let a(x),b(x) G U. Notice that (12. 9p 
implies 

(xi - a; 2 ) fc a(a; 1 )6(a;2) G Hom(iy, x 2 ))). (2.10) 

Define a(x) n 6(x) G £{W) for n G Z in terms of generating function 

Yg(a(x), z)b(x) = s ^a{x) n b{x)z^ n ^ 1 

by 

Y £ (a(x), z)b(x) = z~ k ((xi - x) fc a(xi)6(x)) | Xl=x+ «, (2.11) 
where k is any nonnegative integer such that (I2.10p holds. It was shown that 
a(x) n b(x) 

= Res Xl Mi! - x) n a(xi)b(x) - {—x + xi) n ^ fi(x - xi)u^\x)v^\xx)j , 

where u {i) (x),v {i) (x) G C/, G C((x)) (z = 1, . . . , r) such that (ESJ) holds. 

An 5-local subspace K of is said to be Yg- closed if 

a(x) n b(x) G X for a(x), b{x) £ K, n G Z. 

The following result was obtained in [Li2] (Theorem 5.8): 
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Theorem 2.7. Let U be an S-local subset of £(W). Then there exists a Y^-closed 
S-local subspace of £(W), containing l w and U. Denote by (U) the smallest such 
S-local subspace. Then ((U), Y £ , l w ) carries the structure of a weak quantum vertex 
algebra and W is a faithful (U) -module with lV(a(x), z) = a(z) for a(x) G (U). 

Throughout this section, we let 

<p = (j)(x, z) = xe z G C[[x, z\\. 
The following notion was introduced in |Li6j : 

Definition 2.8. Let V be a weak quantum vertex algebra. A <p- coordinated quasi 
V -module is a vector space W equipped with a linear map 

Y w (-,x) : V Hom(W, W((z))) C (EndW)[[x, x~% 

satisfying the conditions that 

Yw(l,x) = lw (the identity operator on W) 

and that for any u, v G V, there exists a nonzero polynomial p(x±, X2) such that 

p(xi, x 2 )Y w (u, Xl )Y w {v, x 2 ) G Hom(iy, W((x u x 2 ))) (2.12) 

and 

p(x 2 e Xo ,x 2 )Y w (Y(u,xo)v,X2) = {p(xi,x 2 )Y w (u,Xx)Y w {v,x 2 )) \ Xl = X2 e*o. (2.13) 

As we need, next we recall the conceptual construction from [Li6j . Let W be a 
general vector space. 

Definition 2.9. A subset U of £{W) is said to be quasi local (see |Li4] ) if for any 

a(x),b(x) G ?7, there exists a nonzero polynomial £2) such that 

p(x 1 ,x 2 )a(x 1 )b(x 2 ) = p(x 1 ,x 2 )b(x 2 )a(x 1 ). (2.14) 
A subset U is said to be quasi S trig -local if for any a(x), b(x) G U, there exist 
u {i) (x),v {i) (x) eU, fi(x)eC(x) forz = l,...,r 

such that 

r 

p(x 1 ,x 2 )a(x 1 )b(x 2 ) =p{xi,x 2 )^L X2)Xl (f i (x l /x 2 ))u i:l \x 2 )v {l \x 1 ) (2.15) 

i=l 

for some nonzero polynomial p{x\, x 2 ), where C(x) denotes the field of rational func- 
tions and l X2iX1 is the canonical field embedding of C(xi,x 2 ) into C((x 2 ))((xi)). 
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Let U be a quasi S trig -\ocal subset of £{W) and let a(x),b(x) G U. Notice that 
( I2.15P implies 

p(xi, x 2 )a(x 1 )b(x 2 ) eUom(W,W((x 1 ,x 2 ))). (2.16) 
Define a(x) e n b(x) G £{W) for n G Z in terms of generating function 



Yi(a(x),z)b(x) = J2^YnK 



x)z n 1 



by 

Yg(a(x), z)b(x) = L XjZ (l/p(xe z , x)) (p{xi, x)a(x 1 )b(x)) \ Xl=xe *. (2.17) 
A quasi .S^^-local subspace K of £(W) is said to be Y^-closed if 
a(x) e n b(x) G K for a(x),b(x) E K, n G Z. 
The following was proved in |Li6j : 

Proposition 2.10. Lei V be a Y£ -closed quasi compatible subspace of £{W). Sup- 
pose 

a(x), b(x),Ui(x),Vi(x) G V, 7^ p(sc) G C[x], gj(x) G C(x) (i = 1, . . . , r) 
satisfy 

r 

p{x l /x 2 )a{x 1 )b{x 2 ) = ^2p(x 1 /x2)i X2 , Xl (qi(x 1 /x2))u i (x 2 )v i (x 1 ). (2.18) 

i=i 

Then 

p(e x ^)Yi(a(x),x 1 )Yi(b(x),x 2 ) 

r 

= p(e x ^)J2^(n(e xl - x *))Yi(u i (x),x 2 )Yi(v i (x),x 1 ). (2.19) 

i=l 

Furthermore, we have 

(xi - x 2 ) k Y£(a(x), xi)F £ e (6(x), x 2 ) 

r 

= (xi -x^Y.^Me^Wiiu^^^YHv^x)^,), (2.20) 
i=i 

where k is the multiplicity of zero of p(x) at x = 1. 

Theorem 2.11. Lei U be a quasi Strig-local subset of £{W). There exists a Y£- 
closed quasi S tr i g -local subspace containing U and lw Denote by (U) e the smallest 
such subspace. Then ((U) e , Yg, ly/) carries the structure of a weak quantum ver- 
tex algebra and W is a ^-coordinated quasi (U) e -module where Yw(-,x) is given by 
Y w (a(x), z) = a(z) for a(x) G (U) e . 
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Combining Theorem 12 . 1 1 1 with Proposition 12. 101 we immediately have: 

Corollary 2.12. Let U be a quasi local subset of £{W). Then the weak quantum 
vertex algebra (U) e obtained in Theorem \2.11\ is a vertex algebra. 

Definition 2.13. Let V be a weak quantum vertex algebra, G an automorphism 
group of V, and x '■ G — > C x a group homomorphism. We say a 0-coordinated quasi 
V^-module (W, Y w ) is (G,x)-covariant if 

Y w (gu, x) = Y w {u, x(g)x) for g E G, uE V. (2.21) 

In case that G is a subgroup of C x with x the embedding, we simply drop x from 
the notion. 

The following is a useful technical result: 

Lemma 2.14. Let V , G, and x be given as in Definition \2.13[ Assume that (W, Yw) 
is a 4>- coordinated quasi V -module and that U is a G-submodule ofV which generates 
V such that 112.21]) holds for g E G, u E U. Then (W, Yw) is a (G,x)-covariant 
0- coordinated quasi V -module. 

Proof. Suppose that u,v E V satisfy 

Y w (gu, x) = Y w (u, x(g)x), Y w (gv, x) = Y w (v, x(g)x) for g EG. 

Note that 

Y w {gY(u,z)v,x) = Y w (Y(gu,z)gv,x). 
There exists a nonzero homogeneous polynomial p(xi,X2) such that 

p(xe z , x)Y w (Y(gu, z)gv, x) = {p(xi,x)Yw{gu,x 1 )Y w (gv,x))\ Xl=xe!1 . 

Then 

(p(x 1 ,x)Y w {gu, x x )Y w {gv, x)) \ Xl=xe - 

= (p(x U X)Y W (U, x(g)xi)Y W (v, Xig)^)) \ Xl =xe' 

= (p(x(gy 1 xi,x)Y w (u,x 1 )Y w (v,x(g)x)) \ xi=x (g) xe * 
= p(xe z ,x)Y w (Y(u,z)v,x(g)x)- 

Consequently, we get 

p(xe z , x)Y w (Y(gu, z)gv, x) = p{xe z , x)Y w (Y(u, z)v, x(g)x). 

It was proved in |Li6] that p(xe z ,z) is a nonzero element of C[[x, z]} C C((x))((z)). 
Multiplying both sides by the inverse of p(xe z ,x) in C((x))[[z]] we obtain 

Y w (Y(gu, z)gv, x) = Y w (Y(u, z)v, x{g) x )- 
Since U generates V, it now follows that (I2.2ip holds for g E G, u E V . □ 
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3 g-Heisenberg Lie algebras 



In this section we study a certain g-Heisenberg Lie algebra in terms of vertex alge- 
bras. We explicitly construct some vertex algebras and then associate these vertex 
algebras and their ^-coordinated quasi modules to the Lie algebra. 

We consider the following g-analog of the standard Heisenberg Lie algebra. 

Definition 3.1. Let q be a nonzero complex number with g ^ ±1. Denote by H q 
the Lie algebra with generators c and (3 m (m G Z), where c is central, subject to 
relations 

[Pm, n ] = [m} q 5 m+nfi c, (3.1) 
where [m] q is the g-integer defined by 



\m 



i -i 
q-q 



Form the generating function 

(3(x) = Y,PnX- n . (3.2) 

The defining relations ( 13.1 ft are equivalent to 
From this we get 

(.Ti - qx 2 ){qxi - x 2 )[(3(x 1 ), (3(x 2 )] = 0. (3.4) 

Remark 3.2. If we form the generating function differently as (3(x) = Y2 n ez PnX^"'^ 1 , 
then we have 

PM] = T^ZZT (W* (—) - (TV* (-^j \ c, (3.5) 



q — q 1 \ \ x\ 



which does not look as neat as (13.31). 



We say an if g -module W is of level i G C if c acts on W as scalar £, and we say 
an ifg-module W is restricted if for any w G W, (3 n w = for n sufficiently large. 

Next we associate this Lie algebra with vertex algebras in terms of ^-coordinated 
quasi modules. We first construct a vertex algebra using another Lie algebra. Let 
B be a vector space over C with basis {(3^ | r G Z}. Equip B with a bilinear form 
defined by 

(/3 (r) , (3 (s) ) = —^(5 r , s+1 - 5 riS _ x ) = —!-^(6 r , s+1 - 8 s>r+1 ) (3.6) 
q — q q — q 
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for r, s G Z. It can be readily seen that this bilinear form is skew-symmetric and 
non-degenerate. To the pair (B, (•, •)), we associate a Heisenberg Lie algebra 

B = B® c[t,r l ] © Cc, 

where c is central and 

[a © t m , 6 © t n ] = (a, b)5 m+n+lfi c (3.7) 

for a,b G B, m,n G Z. 

For b £ B, form a generating function 

6(x) = ^6 n x-™- 1 , (3.8) 

nSZ 

where 6 n = b®t n . Now, the defining relations (13. 7p amount to 

[a(ari), 6(a; 2 )] = (a, b)x^S c (3.9) 

for a,b £ B. 
Set 

5> = (S © C[t]) © Cc, B <Q = B® t -1 C[t -1 ]. 

We see that -B> and S <0 are Lie subalgebras and B = £?> ©-B <0 as a vector space. 
Let I G C and denote by Q the one-dimensional I?>o-module with c acting as scalar 
I and with B © C[t] acting trivially. Form the induced module 

Vft(*,o) = tf(s) ©^ o) q. 

Set 1 = 1 © 1 G Vg(£, 0). Identify I? as a subspace of Vg(£, 0) through the linear map 
6654 1)1. It is now well known that there exists a vertex algebra structure 
on Vg(£, 0), which is uniquely determined by the condition that 1 is the vacuum 
vector and Y(b,x) = b(x) for b G B. Furthermore, B is a generating subspace of 
vertex algebra Vg(£, 0), where for r, s G Z and for n > 0, 

/^ r) /3 (s) = /?i r) /3i1l = ^(/3 (r) , /3 (s Vn,ol (3.10) 

as /3n^l = 0. It is clear that Vg(£,0) is an irreducible 5-module. It follows that 
vertex algebra Vg(£, 0) is simple. 
Furthermore we have: 

Lemma 3.3. The abelian group Z acts on V^(£, 0) as an automorphism group such 
that 

p m (/3^) = (3 {r+m) form } reZ. 
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Proof. For m G Z, let p m be the linear automorphism of B defined by p m (/?(")) = 
p{m+n) £ Qr n £ ^ j^. j g c } ear p m preserves the bilinear form (•, •) (see ( 13. 6p ). It 
follows that p m gives an automorphism of the Lie algebra H q such that p m (c) = c 
and 

p m ((3 (n) ® t r ) = /3 (m+n) g) t r for n, r G Z. 

This gives rise to an automorphism of U(H q ), also denoted by p m . Furthermore, p m 
gives rise to a linear automorphism p m of Vg(£, 0) such that p m (l) = 1 and 

p m (cw) = p m (a)p m (v) for a G U(H q ), v G Vg(£,0). 

As Vg(£, 0) as a vertex algebra is generated by B, it follows that p m is an automor- 
phism of Vg(£, 0) viewed as a vertex algebra. This gives an action of Z on Vg(£, 0) 
by automorphisms. □ 

Set 

r, = {? n |nGz}cc x . 

Recall that a ^-coordinated quasi Vg(£, 0)-module (W, IV) is Tq-covariant if 

Y w {p m {v),x) = Y w (v,q m x) for v G Vg(€,0), m G Z. (3.11) 
As our main result of this section we have: 

Theorem 3.4. Let W be a restricted H q -module of level £. Then there exists a 
r q -covariant (p- coordinated quasi Vg(£,0) -module structure on W , which is uniquely 
determined by Yw{^ T \ x) = (3{q r x) for r G Z. 

Proof. Set U w = {(3{q r x) \ r G Z} C £{W). For r, s G Z, we have 

/3( g 's 2 )] = — L-j ^ (V r+1 ^r) " * (^f) ) ^ ( 3 - 12 ) 



which implies 



- - g s - r+1 ) ( - - q^ 1 ) Wxi), (5{q s x 2 )] = 0. (3.13) 

Then Uw is a quasi local subset of £{W). By Corollary 12 .121 Uw generates a vertex 
algebra Vw and is a ^-coordinated quasi Vn/-module where Yw(a(x), z) = a(z) 
for a(x) G Hy. 

With (13.131) . by Lemma 6.7 of [Li6] we have 

f3(q r x) e n /3(q s x) = for r - s ^ ±1, n > 0, 
/3(g r x)^/3(gV) = for r - s = ±1, n > 1. 
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If r — s = 1, also by Lemma 6.7 of |Li6j we have 
(1 - q- 2 )P(q r x 1 ) e P(q s x 2 ) 
= Res xi —^- - l) (- - q- 2 ) P{q r x x )[}{q s x) 

X\ — X \ X J \ X J 

-Res xi l — (fi - l) (- - q- 2 ) P{q s x)P{q T x,) 

—x + xi \ x / V x / 



Res Xl x _2 (xi — g~ 2 x)[/3(g r xi), 



-3— -Res Xl x 2 (x 1 - q 2 x) ^5 (~j ~ 5 \ Q~ 



x- L 



-2 



A - g" 

g-g- 1 



That is, 



/3(g r xi)[,/3(g s x 2 ) = rl w . 

q-q 



Similarly, if r — s — — 1, we have 



/3(g r xi)^/3(g s x 2 ) = -l w . 



Consequently, we have 

[y/(^(8 r i) l ii)^W4ij)] = ^=l(*r,.+i - ^.-iK 1 * • (3-14) 

Thus VV is a restricted -B-module of level £ with /3i r ' ) = [3(q r x) n for r, n G Z. 
Furthermore, Vw together with vector lw is a vacuum i?-module of level t. It follows 
from the construction of Vg(£,Q) that there exists a 5-module homomorphism if) 
from V^(£, 0) to Vw with ?/>(l) = lw- For r 6 Z, we have 

^(/3 (r) ) = VO^l) = P(q r x)-ilw = P(q r x) e 

It follows that ^ is a homomorphism of vertex algebras. Consequently, W is a 
^-coordinated quasi Vg(£, 0)-module. For m, r G Z, we have 

JVG^W*) = M/^^) = = Y w (^ r \q m z). 

The covariance property follows from Lemma 12.141 □ 



4 Heisenberg Lie algebra H q 

In this section, we study another deformed Heisenberg Lie algebra. We explicitly 
construct quantum vertex algebras and we then associate these quantum vertex 
algebras and their (^-coordinated quasi modules to the deformed Heisenberg Lie 
algebra. 
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Definition 4.1. Let q be a complex number. Denote by 1-L q the Lie algebra with 
generators (3 n (n G Z) and c, with c central, subject to relations 

[P m ,(3 n ] = m{l - qW)6 m+n>0 c (4.1) 

for m,n G Z. 

If g = ±1, is just an abelian Lie algebra. If q — 0, this becomes the standard 
free field Heisenberg Lie algebra. For the rest of this section, we assume that q is 
neither zero nor a root of unity. 

Form the generating function 

P(x) = J2PnX~ n . (4.2) 

nGZ 

Lemma 4.2. The defining relations ( |^.i| ) amount to 

P W, «*>] - («) * (|) + <^ - c (.3, 

Furthermore, the latter is equivalent to 

at \ p i \ pi \ at \ qxi/x 2 q~ 1 x 1 /x 2 

/3(* a )/?(* 2 ) - 0(s a )/?(*i) = (1 _ gxi/x2)2 c - (1 _ g -i Xi/x2)2 ^ 



■ d \ f r f%2 

+ x 2 



dx 2 J V V x i / V x i / 
Proof. It is straightforward: 

[£(zi),/?(i2)] = ^m(l-?H) 2:r ». J:?c 



* X - )-s(^))c (4.4) 



mGZ 



mx^x^c - mq m Xi m x 2 c - mq^x^x^c 

mGZ m>0 m<0 



^ 2 ' \mGZ m>0 m<0 

(*£)fe*i-*-E<w-E« 

^ 2 ' \mGZ m>0 m>0 



m -m 
X 2 



dx 2 J \ \Xi J \ — qx 2 jx\ l — qx\/x 2 

d\ fx 2 \ qx 2 /xx qxi/x 2 , 
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Using the calculation above we obtain 
d 



•i'2 



dx 



mSZ m>0 m<0 / 

- 5 (™) + ^ q m x x m x™ - q~ m x x m x™ J 

^ 1 ' m<0 m<0 / 



8X2/ \ \Xl 

^W-V<*(^ + Xl/iqX2) 1 



dx 2 ) V \X\ ) \X\ ) 1 — Xi/(gx 2 ) 1 — qx x jx 2 

r (§ ( - 5 ( V—i) \ c - g -1 ^/^ c qxi/x 2 c 

2 dx 2 J\ yxij \xi J J (1 - q- l xi/x 2 ) 2 (1 - qxi/x 2 ) 2 

as desired. □ 

From ( 14. 4 p we have 

(xi - x 2 ) 2 (x 1 - qx 2 ) 2 f3(x 1 )(5(x 2 ) 

= (xi - x 2 ) 2 (x 1 - qx 2 f (f3(x 2 )p(x 1 ) + qXl / X2 c _ 9 X ^ X2 - c] .(4.5) 

V (1 - qxxlx 2 y (1 - g-^i/xa) 2 / 

Definition 4.3. We say an % g -module W is restricted if G ^(W 7 ), i.e., for any 
w G = for n sufficiently large. If c acts on W as a scalar f GCwe say W 

is of /eve/ 1. 

Let be a restricted "^-module of level £. Set 

E/ w = {/3(z),Mc£(W0. 

From (14 .5p we see that Uw is a quasi iS^-local subset of £{W). By Theorem 12.111 
Uw generates a weak quantum vertex algebra (Uw)e with W as a ^-coordinated 
quasi module. Next, we determine this weak quantum vertex algebra. 

Definition 4.4. Let B q denote the Lie algebra with generators (3m (r, m G Z) and 
c, with c central, subject to relations 



-(<J r(J - 5r ja+ i)-^-X 1 l S (— ) c (4.6) 



for r, s G Z, where 

j flW(x) = ^; j 9Wx- m - 1 . (4.7) 
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Remark 4.5. For n G Z, set 

(l-gn + l e *)2 " (1 _ g n-l e , )2 j e C ((^))' ( 4 - 8 ) 

where i x ,o(') stands for the formal Laurent series expansion at x = 0. Then 

q r ~ s ~ 1 e x i~ x 2 \ 
(1 _ gr-s+lgXi-rra^ ~~ (1 _ ^r-s-lg^ -x 2 \ 2 ) = /r-«( — ^2 + ^l) 

for r, s G Z. We see that 

/„(a:) = <W,o£~ 2 - Vi,o^ 2 + 0(1). (4.9) 
Let denote the subspace spanned by /3n for r G Z, n > 0. Noticing that 



qt— s+lgSi— X2 g'r-s- lgXi—a;2 



f r - s (-X 2 + Xi) 



involves only nonnegative powers of x±, we get 

= (6 r>s - 5 riS+1 )m5 m+n>0 c (4.10) 

for r, s,m,n G Z with m > 0. It follows that is an abelian subalgebra. 

A 5q-module W is said to be restricted if f3^ r \x) G £(W) for r G Z, i.e., for any 
w G W, r G Z, /% iu = for n sufficiently large. A _Bq-module W is said to be of 
level £ G C if c acts on as scalar £. A vacuum i? g -module of level £ is a module 
W equipped with a vector w E W such that is cyclic on w and 

/3M-U7 = for r, n G Z with n > 0. 

Remark 4.6. Let (IV, wo) be a vacuum i? 5 -module. By definition we have W = 
U{B q )vjQ. On the other hand, it follows from f)4.10p (and induction) that for any 
r G Z and for any u G U(B q ), (3m u = u(3m for m sufficiently large. Then it follows 
that W is restricted. 

Let £ G C. Denote by Q = C the 1-dimensional (.6+ + Cc)-module with 
acting trivially and with c acting as scalar £. Form the induced module 

V^) = U{B q )® um+Cc) C,. (4.11) 

Set 1 = 1 <g> 1 G V$(£, 0). Identify /?M with 0^1 for r G Z. It is clear that V 6 (£, 0) 
is a vacuum 5 g -module of level £, which is universal in the obvious sense. 
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Theorem 4.7. Let £ G C. There exists a weak quantum vertex algebra structure on 
Vg (£, 0), which is uniquely determined by the condition that 1 is the vacuum vector 

and Y(f3^ r \x) = (3^ r \x) for r G Z. Furthermore, if £ ^ 0, Vg (£, 0) is an irreducible 

quantum vertex algebra. On the other hand, for any restricted B q -module W of level 
£, there exists a (£, 0) -module structure uniquely determined by the condition that 
Y w (f3 (r) ,x) = fl r \x) for re Z. 

Proof. Let W be any restricted i? 9 -module of level £. Set 

U w = {l w }U{(3 {r) (x) | r G Z>. 

From the defining relations of we see that is an 5-local subset of S{W). By 
Theorem 2.7, ?7vf generates a weak quantum vertex algebra (Uw)- Furthermore, it 
follows from Proposition 6.6 of [Li2j that 

Y £ (^ r \x),x 1 )Y £ (^ s \x),x 2 )-Y £ (^ s \x),x 2 )Y £ (^ r \x),x 1 ) 
qr—s+igXi—xv qr—s—i ( ,x 1 -x2 \ 

1 _ gr-s+lgxi-a;2^2 M _ gr-s-lg:ri-:r2 ^2 ) 

+£(5 r . s - S^-^-x^S (-) l w (4.12) 

for r, s G Z. From this we see that (Uw) is a vacuum .Bq-module of level £ with 
/3^(z) acting as Y £ (/3^(x), z) for r G Z. Then it follows from the universality of 
Vg (^,0) that there exists a 5 g -module homomorphism ip from Vg (£, 0) to (Uw), 
sending 1 to lw- For r G Z, we have 

iP(^v) = /3 (r) (^)n^) for v G V^(£,0), 

in particular, 

^(/3 (r) ) = WSl) = P {r) (x)-ilw = P [r) (x). 
Specializing W to V 6 {t, 0), by Theorem 2.9 of [Li3] with [/ = {(3^ \ r G Z} and 

F (/3 (r) ,a;) = /3 (r) (x) for r G Z, 

we have a weak quantum vertex algebra structure on Vg (£, 0) with all the require- 
ments and such a structure is unique. 

Come back to a general restricted I^-module W of level £. We have a i? g -module 
homomorphism ip from Vg (£, 0) to (Uw), sending 1 to 1^. For r G Z, we have 

= ^ r \z)v) = Y £ (^\x),z)iP(v) = Y £ (iP(^),z)iP(v) 

for v G 0). Since {/3 (r) | r G Z} generates V$ (£,0), it follows that V is 

a homomorphism of weak quantum vertex algebras. As If is a canonical (Uw)- 
module, W becomes a Vg (£, 0)-module through the homomorphism ip, where 

Y w {pV,z) = Y w (^ r) ),z) = Y w ((3 {r \x),z) = ^\z) 
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for r G Z. The uniqueness is clear. 

Next, we prove that Vg (£, 0) is an irreducible S g -module. First we define a 

descending filtration for Lie algebra B q . For n > 1, set 

B q [n\ = span{/3^ r, m £ Z, m > n}, 

and for n < 0, set 

-B g [n] = span{/3^ ( r,m G Z, m > n} + Cc. 

Using (14.101) we get 

B q [m], B q [n] C B q [m + n] for m,n G Z. 
Denote the associated graded Lie algebra by L. For r, m G Z, set 

j 9« = j 9«+J3,[m + l]GL 

and set 

c = c + B q [l) G L. 
With (14. 9 p we see that L satisfies relations 



= (S r>s - 5 r>s+ i)— x x 5 j c + (5 r - s+lfi - 5 r - s -i, ) (x 2 - x x ) c 

= ^r,s^—X^ l 5 ( — ] C + 5 r , s _l 7 " r^C-^+i- - -rC (4.13) 

dx 2 \xij {x 2 —x 1 y {xi — x 2 y 

for r, s G Z. In terms of components we have 

rn(r) nMl A <- r |m|— 771 Iml + TttA . / A * .s 

A } ] = U4, s + <*r, a -i J — ^ J <Wn, C (4.14) 

for m, 77 G Z. In Lemma 14.81 below we shall prove that for nonzero i G C, every 
(nonzero) vacuum L-module of level I is irreducible. Then by Proposition 2.11 
of [KLj . Vg (£, 0) is an irreducible i? g -module. It follows that Vg 0) as a (left) 
Vg 9 (£, 0)-module is irreducible. Now, the proof is complete. □ 

The following is the result we need at the end of the proof of Theorem 14.71 

Lemma 4.8. Let L be a Heisenberg algebra with basis {c} U {fim \ r,m G Z} ; where 
c is central and 

rn(r) ndh ft r Iml — 771 r |?7l| + m\ 
\Pm,Pn ] = m $r,s + r ,,-l " r ,«+l " m+nfl C 



for m, n,r,s G Z. Suppose that W is an L-module of nonzero level £ equipped with 
a nonzero vector wq G V , satisfying 

W = U(L)wq and P^Wo = for r, m G Z with m > 0. 

Then W is irreducible. 
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Proof. Set 

V = C[a4 r) | r G Z, n > 1], 



a commutative polynomial algebra in variables i„ . For r, n G Z with n > 1, set 

9 9 



It is straightforward to check that this defines an L-module structure on V of level I. 
Now we show that V is an irreducible L-module. Let A be a nonzero L-submodule 

(r) 

of V. Set degXn = 1 for n,rGZ with n > 1. Let P 6 A be a nonzero polynomial 
with least degree. If degP = 0, then A = V as V is clearly cyclic on 1. We next 
show that this must be the case. Assume degP > 1. There exists r G Z such that 

dP 



dx 



(s) 



for all m > 1, s < r, 



and ^ for some n > 1. Then 



We have that -^y G A and -^y ^ 0, a contradiction. Therefore, 1/ is irreducible. 
It follows from the standard argument (cf. |LL] ) that W is isomorphic to V. □ 

The following is analogous to Lemma 13.31 

Lemma 4.9. For each n G Z ; i/iere exists an automorphism p n of (£, 0) ; which 
is uniquely determined by 

Pn {pW) = (5 {n+r) for r G Z. (4.15) 

Furthermore, p — 1 and p m+n = p m p„ /or m, G Z. 

Proof. First, for each given n G Z, from the defining relations of i? g we see that 
there exists an automorphism a n of B q , which is uniquely determined by 

a n (c) = c, (Tn{^) = ^ +r) for r, m G Z. 

Then cr n induces an automorphism of U(B q ). Clearly, a n (B+) = B+. It follows that 
a n reduces to a linear automorphism p n of (£, 0) with p n (l) = 1 and 

p n {av) = a n (a)p n {v) for a G U(B q ), v G V^(£, 0). 
For n, r G Z, we have 

Pn(/? (r) ) = Pn^ji) = *»o*2k(i) = /3ir r) i = /3 (n+r) - 

Pn (r(/3M,a;)i;) = p n (/3 (r) (^) = /3 (n+r) (^)P» = F(p n (/3 (r) ), x)p,» 
for b £ Vg (£, 0). Consequently, p n is an automorphism of weak quantum vertex 
algebra V 6 \i,0). □ 
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Next, we relate restricted "Hg-modules of level t to 0-coordinated quasi V^(£, 0)- 
modules. To achieve this goal we shall need the following result: 

Lemma 4.10. Let W be a vector space and let K be any Y£ -closed quasi compatible 
subspace of £{W) with a(x),b(x) G K. Suppose that a(x),b(x) satisfy relation 

HxM ] = /(*>/*»> + « S (f ) . (4.16) 

where f(x) G C(x), a,f3,qEC with q ^ 0,1. T/ien 

[^(a^),^),^^),^)] = ^^(/(e— »)) + a^r^ (j) ■ (4-17) 

Proof. From the given relation we have 

(xi - x 2 ) 2 (a:i - gx 2 ) 2 a(xi)6(x 2 ) 
= (xi - x 2 ) 2 (x 1 - qx 2 ) 2 (b(x 2 )a(x 1 ) + f(x 1 /x 2 )) , (4.18) 

which implies 

(xi -x 2 ) 2 {x l - qx 2 ) 2 a(x l )b(x 2 ) G Hom(W / ", W((x u x 2 ))). 

Then we have 

x\e z - l) 2 (e z - q) 2 Y £ e (a(x),z)b(x) 
= ((x 1 - x) 2 (x 1 - qx) 2 a(x 1 )b(x)) \ xi=xe z 

(xe z \ 
) ((^i ~~ x ) ( x i — qx) 2 a(x\)b(x)) 

= Res xi — - ((xi - x) 2 (x x - qx) 2 a(x 1 )b(x)) 

x\ — xe z 

-Res Xl \ Ux 1 - x) 2 (x 1 - qxfa^x^b^x)) 

—xe z + x 1 

= Res Xl — -{x 1 - x) 2 (x 1 - qx) 2 a(xi)b(x) 

xi — xe z 

-Res Xl _ xe l + ~ ( x i ~ x) 2 (x 1 - qx) 2 (b(x)a(xi) + f(x 1 /x)). 

For convenience let us denote the last term by A. Noticing that A involves only 
nonnegative powers of z, we have 



Yi(a(x),z)b(x) = x-h zfi ((e z -l)- 2 (e z -q)- 2 )A 

^A + 0(z°). (4.19) 



- 1 / 1 -2 , 9-3 . 
x -r. + — —z 



l-qf (1-qf 
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As 



-(x\ — x) 2 = (xi — x) + xz + 0(z 2 ), 



xi — xe z 



\ 

{x\ — x) 2 = (xi — x) + xz + 0(z 2 ), 



—xe z + x\ 



we get 



A = Res Xl (xi — x + xz)(xi — qx) 2 (a(xi)b(x) — b(x)a(xi) — f{x\/x)) + 0(z 2 ) 
= aRes Xl (xi — x + xz)(x\ — qx) 2 ( x— J 5 ( — j + 0(z 2 ) 



dx J \xi J 
= ax 4 {(l-q) 2 + z(l-q)(3-q))+0(z 2 ). 

Combining this with (14. 19ft we obtain 

Y£(a(x), z)b{x) = az- 2 + 0{z°), 

which implies 

a{xf n b{x) = 8 n>1 al w for n > 0. (4.20) 
With (I4.18p . by Proposition 5.3 of [Li6j (specially by (5.12) in the proof) we have 
Yi(a(x),x l )Yi(b(x),x 2 ) - Yi(b(x),x 2 )Y£(a(x),x 1 ) - i I2 , n f(e"-") 

= Ei?w»)ix«).«.)s(^)V l «g)- 

Then the desired relation follows from (14.201) . □ 

Recall T q = {q n \ n G Z} C C x . 

Theorem 4.11. Let W be a restricted Tig-module of level t G C. There exists a T q - 
covariant <p- coordinated quasi module structure on W for (£, 0), which is uniquely 
determined by the condition that Yw{fi^ r \x) = (3(q r x) for r G Z. 

Proof. Set 

U w = {l w } U {P{q r x) | r G Z} C £{W). 
Let a, b G T q . From (I4.4p we have 

(5(axi)(5(bx 2 ) - I3(bx 2 )/3(ax 1 ) 

qab~ 1 xi/x2 q~ 1 ab~ 1 Xi/x 2 



(1 — qab x x\jx2) 2 (1 — q 1 ab 1 xi/x 2 ) 



21 



From this we see that Uw is a quasi S trig -\ocdl subset of £{W). By Theorem 12. 11\ U w 
generates a weak quantum vertex algebra (Uw) e with W as a faithful 0-coordinated 
quasi module. 

With (14.2 ip , by Lemma HUH] we have 

Y£(P(ax), x 1 )Yi{^{bx), x 2 ) - Y£{j3{bx), x 2 )Y £ e (f3(ax),x 1 ) 

( qab^ 1 e xl ~ X2 q~ 1 ab~ 1 e xl ~ X2 
ix2 ' Xl V(l - qab-ie*!-**) 2 ~ (1 - q^ab^e^ 2 ) 2 , 

(4.22) 

It follows that (Uw)e is a restricted f^-module of level £ with /3^ r '(z) acting as 
Y£(f3(q r x), z) for r£I We also have Y£(/3(q r x), z)l w G (£V)e[N] for rGZ. Then 
(LV)e together with l\y is a vacuum i? g -module of level £. By the universality of 
Vg ? (£, 0), there exists a i?q-module homomorphism ^ from V^f, 0) to (Uw)e with 
■0(1) = Ivk- For rGZ, we have 

V>(/3«) = ^(^1) = Wx)^ W = /3(g r x). 
Furthermore, we have 

V(y(/3 (r) ,^) = <K/3 (r) (^) = Yi(ptfx),z)rl>(v) = Y£(i>(^%z)i>(v) 

for rGZ, u6 Vg 0). Since V^^(£, 0) as a weak quantum vertex algebra is gener- 
ated by elements (5^ (r £ Z), it follows that ^ is a homomorphism of weak quantum 
vertex algebras. Consequently, W is a 0-coordinated quasi V 7 ^ (£, 0)-module where 
for rGZ, 

Y w {p<?\ z) = Y w (^% z) = Y w (J3(q r x), z) = P(q r z). 
For n, r G Z, we have 

Y w (p n (^),x) = Y w {^ n+r \x) = (3(q n+r x) = Y w (^ r \q n x). 

Since Vg (£, 0) is generated by elements (3^) for rGZ, the r g -covariance follows 
from Lemma 12.141 Therefore, W is a Tq-covariant ^-coordinated quasi Vg (£, 0)- 
module. □ 
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